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RE´DEI PERMUTATIONS WITH CYCLES OF THE SAME LENGTH
JULIANE CAPAVERDE, ARIANE M. MASUDA, AND VIRGI´NIA M. RODRIGUES
Abstract. Let Fq be a finite field of odd characteristic. We study Re´dei functions that induce
permutations over P1(Fq) with 1- and p-cycles for a prime p. First, we determine all cycle decom-
positions that are admissible; in particular, this gives the possible number of fixed points. Then
we completely describe Re´dei permutations consisting of 1- and p-cycles, and determine their total
number. For an odd p, we show that there exists a Re´dei permutation over P1(Fq) with 1- and
p-cycles if and only if q − 1 or q + 1 has a prime factor of the form pk + 1 or is divisible by p2.
We also present explicit formulas for Re´dei involutions based on the number of fixed points, and
procedures to construct Re´dei permutations with a prescribed number of fixed points and j-cycles
for j ∈ {3, 4, 5}.
1. Introduction
Permutations over finite fields have been extensively studied over the past decades. They play a
crucial role in communication theory, where it is often advantageous to have permutations that are
easily implemented and require a reasonably small amount of storage space. They are used in coding
theory, cryptography, combinatorial design, among others. In particular, the cycle decomposition
and the number of fixed points of permutations are related to properties of codes and cryptographic
schemes where they are employed.
Several families of functions over finite fields have been studied in the literature with the goal
of determining which elements in these families are permutations, as well as describing their cycle
structure [1, 5, 13, 14]. One of these families consists of the so-called Re´dei functions. Let Fq
be a finite field of odd characteristic with q elements, and let P1(Fq) := Fq ∪ {∞}. Consider the
binomial expansion (x +
√
y)n = N(x, y) +D(x, y)
√
y. For n ∈ N and a ∈ Fq, the Re´dei function
Rn,a : P
1(Fq)→ P1(Fq) is defined by
Rn,a(x) =


N(x, a)
D(x, a)
if D(x, a) 6= 0, x 6=∞
∞ otherwise.
Re´dei functions have been used in several applications such as pseudorandom number genera-
tion [11], cryptography [3, 12, 15, 18], coding theory [24], solving Pell equations [2], and the con-
struction of other classes of permutation polynomials [10]. We are interested in Re´dei functions
that are bijections, called Re´dei permutations. It is well-known that Rn,a induces a permutation on
P1(Fq) if and only if gcd(n, q−χ(a)) = 1, where χ(a) is the quadratic character of a, that is, χ(a) = 1
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if a is a square in Fq and χ(a) = −1 otherwise. A Re´dei permutation Rn,a consists of ϕ(d)/od(n)
disjoint od(n)-cycles for each d | q − χ(a), in addition to χ(a) + 1 cycles of length 1, where od(n)
denotes the order of n modulo d and ϕ is Euler’s totient function [20]. Cycles of length 1 correspond
to fixed points. We note that 0 and ∞ are always fixed points, and when χ(a) = 1, the points √a
and −√a are also fixed. The number of fixed points of Rn,a is gcd(n − 1, q − χ(a)) + χ(a) + 1;
see [20]. An explicit formula for the fixed points of a Re´dei function is given in [8]. We observe
that the cycle structure of a Re´dei permutation does not depend on the field element a, but only
on χ(a) and n. More precisely, if Rn,a and Rn,b are permutations with χ(a) = χ(b), then they are
distinct functions over P1(Fq) with the same cycle decomposition.
In this paper we study Re´dei permutations that decompose into cycles of the same length. This
type of function is of interest in the construction of interleavers for turbo codes [21, 24, 23]. Charac-
terizations of permutations with cycles of the same length have been given for monomial permuta-
tions [21], Dickson polynomials [22], Re´dei and Mo¨bius functions [24, 23], and linear maps [19]. The
results in [20, 24, 23] reveal a strong connection between Re´dei and monomial functions. In fact,
the description of Re´dei permutations with cycles of the same length given in [24, 23] is similar to
that given for monomial permutations in [21]. However, it is not clear how to produce permutations
with all nontrivial cycles of a given length j.
Among the permutations with all nontrivial cycles of the same length, those with 2-cycles are
specially important. They are called involutions and have the property of being their own inverses.
As in most applications both the permutation and its inverse must be stored in memory, involu-
tions are desirable in environments with limited resources. In particular, they can be applied to
produce self-inverse interleavers for turbo codes, allowing the same structure and technology used
for encoding to be used for decoding as well [23]. In [6, 7] the authors consider involutions over
finite fields of characteristic two. They study several classes of polynomials such as monomials,
linear maps and Dickson polynomials of the first kind with the goal of characterizing involutions in
each class and providing explicit constructions. They also present results on the number of fixed
points of these involutions, pointing out that for cryptographic applications such as the design of
S-boxes, it is also desirable to have permutations with a small number of fixed points. Other studies
on involutions have since then appeared for fields of any characteristic. In [4] explicit formulas for
n such that xn is an involution with a prescribed number of fixed points are provided. In [16, 27]
other constructions of involutions are given. Motivated by these works, we further investigate Re´dei
functions with short cycle length and their number of fixed points, including involutions.
The composition of Re´dei functions is also a Re´dei function, namely, Rm,a ◦ Rn,a = Rmn,a. It
follows that the number of fixed points in the jth iteration of Rn,a is gcd(n
j−1, q−χ(a))+χ(a)+1.
This means that a necessary condition for Rn,a to decompose into 1- and j-cycles is that gcd(n
j −
1, q − χ(a)) = q − χ(a). If j is prime, then this condition is also sufficient. Furthermore, if Rn,a
has d+ χ(a) + 1 fixed points, then as we mentioned before d = gcd(n− 1, q − χ(a)), and therefore
d is a common divisor of n − 1, nj − 1 and q − χ(a). When j is prime, we are able to determine
exactly which divisors of q − χ(a) occur as numbers of fixed points of a Re´dei permutation with
cycles of the same length j. We call these divisors (q, χ(a), j)-admissible. The questions we seek to
answer can be translated in terms of (q, χ, j)-admissible integers for χ ∈ {−1, 1}. For instance, the
existence of a Re´dei permutation over P1(Fq) with 1- and j-cycles is equivalent to the existence of
a (q, χ, j)-admissible divisor of q − χ with χ ∈ {−1, 1}.
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We focus on Re´dei permutations with 1- and p-cycles, where p is a prime number. In Section 2
we give a characterization of the integers n for which Rn,a is of this type. For odd primes p, we
give necessary and sufficient conditions for an integer d to be (q, χ, p)-admissible, and determine
the number of Re´dei permutations with 1- and p-cycles. In Section 3 we consider the case p = 2.
Besides the characterization of (q, χ, 2)-admissible integers, we explicitly find all Re´dei involutions
and identify those ones with two and four fixed points (the smallest possible amounts of fixed
points of a general Re´dei function). We also characterize and give a procedure to construct Re´dei
permutations with 1- and 4-cycles. In Section 4 we apply the results from Section 2 to p = 3 and 5.
In each case we provide a procedure to construct Re´dei permutations with 1- and p-cycles. Finally,
in Section 5 we present examples that illustrate the procedures outlined in previous sections.
We note that our results can be applied to monomial permutations as the cycle decomposition
of xn over Fq is the cycle decomposition of Rn,a over P
1(Fq) with χ(a) = 1 and one less cycle of
length 1.
2. Cycles of length 1 and p
Throughout the text, q is an odd prime power and χ ∈ {−1, 1}. In addition, whenever we say
that a Re´dei function has 1- and j-cycles, we mean that there is no cycle of other length and it is
always a permutation.
Definition 2.1. Let 2 ≤ j < q − χ. An integer d is (q, χ, j)-admissible if there is a Re´dei
permutation Rn,a over P
1(Fq) with χ(a) = χ that decomposes into d + χ + 1 fixed points and
j-cycles.
A Re´dei function Rn,a has gcd(n − 1, q − χ(a)) + χ(a) + 1 fixed points, so a (q, χ, j)-admissible
integer is a divisor of q−χ. This divisor cannot be q−χ as otherwise there would be no j-cycle with
j ≥ 2. Moreover, since gcd(n, q − χ(a)) = 1, we must have that n is odd, so a (q, χ, j)-admissible
integer is always even.
In this section our focus is on the case when j = p is prime. We recall that Rn,a decomposes into
1- and p-cycles if and only if q−χ(a) | np− 1. The next lemma will be used to completely describe
the (q, χ, p)-admissible integers based on the prime factorization of q−χ in Propositions 2.6 and 3.1.
Lemma 2.2. Let p be a prime and n, k be positive integers such that n is odd and k | np − 1. Let
k = pα11 · · · pαrr be the prime factorization of k. Then
gcd(n− 1, k) = pβ11 · · · pβrr and gcd(np−1 + np−2 + · · ·+ 1, k) = pγ11 · · · pγrr ,
where 

either (βi, γi) or (γi, βi) ∈ {(0, αi)} if pi 6= p
βi = γi = 1 if pi = p and αi = 1
(βi, γi) or (γi, βi) ∈ {(1, 2)} if pi = p = 2 and αi = 2
either (βi, γi) or (γi, βi) ∈ {1} × {αi − 1, αi} if pi = p = 2 and αi > 2
(βi, γi) ∈ {αi − 1, αi} × {1} if pi = p > 2 and αi ≥ 2.
Proof. Since k | np− 1, we have pα11 · · · pαrr | (n− 1)(np−1+np−2+ · · ·+1). If pi divides both n− 1
and np−1+np−2+ · · ·+1 for some 1 ≤ i ≤ r, then n ≡ 1 (mod pi) and 0 ≡ np−1+np−2+ · · ·+1 ≡ p
(mod pi). Thus pi = p. As a consequence, if pi 6= p, then pαii divides either n− 1 or np−1 + np−2+
· · ·+ 1.
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It turns out that p | np−1 + np−2 + · · ·+ 1 if and only if p | n− 1. Suppose that pi = p = 2 and
αi ≥ 2. The integers (n − 1)/2 and (n + 1)/2 are consecutive, so they are coprime with different
parity. Hence either βi = 1 or γi = 1. Furthermore, if γi = 1, then (n+1)/2 and n− 1 are coprime
and we have
k = gcd(n2 − 1, k) = 2 · gcd ((n+ 1)(n − 1)/2, k/2)
= 2 · gcd ((n+ 1)/2, k/2) · gcd (n− 1, k/2)
= gcd(n+ 1, k) · gcd (n− 1, k/2) .
Similarly, when βi = 1, we have
k = gcd(n− 1, k) · gcd(n+ 1, k/2).
By comparing the powers of 2 in the above expressions, we obtain the desired result when pi = p = 2.
Suppose that pi = p is odd and αi ≥ 2. We write n = pℓ+ 1 to compute
np−1 + np−2 + · · · + 1 =
p−1∑
i=0
i∑
j=0
(
i
j
)
pjℓj ≡ p+ pℓ
p−1∑
i=1
i ≡ p+ ℓ(p− 1)
2
p2 ≡ p (mod p2).
This means that p2 ∤ np−1+ np−2 + · · ·+ 1. Moreover, (n− 1)/p and (np−1 + np−2+ · · ·+ 1)/p are
coprime. Therefore γi = 1 and βi ∈ {αi − 1, αi}. 
When k = q − χ, we have the following direct consequence of Lemma 2.2.
Lemma 2.3. Let p be a prime, q − χ = pα11 · · · pαrr be the prime factorization of q − χ, and d be
(q, χ, p)-admissible. We write d = pβ11 · · · pβrr with 0 ≤ βi ≤ αi. Then
βi =


0 or αi if pi 6= p
1 if pi = p and αi = 1
1, αi − 1 or αi if pi = p = 2 and αi ≥ 2
αi − 1 or αi if pi = p > 2 and αi ≥ 2.
(1)
The above result gives necessary conditions for a divisor of q − χ to be (q, χ, p)-admissible. In
particular, a (q, χ, p)-admissible integer d satisfies gcd(d, (q − χ)/d) = 1 or p.
We can now characterize the integers n for which there is a Re´dei permutation Rn,a with a
prescribed number of fixed points and p-cycles. We denote the p-adic valuation of an integer z by
νp(z), that is, νp(z) = max{α ∈ N : pα | z}.
Theorem 2.4. Let p be a prime, q − χ = pα11 · · · pαrr be the prime factorization of q − χ, and
d = pβ11 · · · pβrr be a proper divisor of q−χ satisfying (1). The Re´dei permutation Rn,a has d+1+χ
fixed points and p-cycles if and only if the following conditions are satisfied:
(i) n is a solution to{
x ≡ 1 (mod d)
xp−1 + xp−2 + · · ·+ x+ 1 ≡ 0 (mod (q − χ)/d), (2)
(ii) if νp(d) = νp(q − χ)− 1, then νp(n− 1) = νp(d).
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Proof. First, assume that Rn,a has d + 1 + χ fixed points and p-cycles. Then q − χ | np − 1 and
gcd(n− 1, q − χ) = d. Thus (i) and (ii) hold.
Conversely, it follows immediately that q − χ | np − 1. We also have d | gcd(n − 1, q − χ) and
(q−χ)/d | gcd(np−1+ · · ·+1, q−χ). Suppose gcd(n−1, q−χ) = pθ11 · · · pθrr . We want to show that
θi = βi for 1 ≤ i ≤ r. It suffices to consider the case βi < αi. By (1), we have three possibilities.
1) pi 6= p and βi = 0. Then pi divides (q−χ)/d and consequently divides gcd(np−1+ · · ·+1, q−χ).
By Lemma 2.2, θi = 0.
2) pi = p = 2, αi ≥ 3 and βi = 1. Then 4 divides both (q − χ)/d and gcd(np−1 + · · · + 1, q − χ).
By Lemma 2.2, θi = 1.
3) pi = p, αi ≥ 2 and βi = αi − 1. In this case Condition (ii) implies that pαii ∤ n − 1, thus
θi = βi. 
It is a known fact that Rm,a = Rn,a if and only if m ≡ n (mod q−χ). Thus we are interested in
the solutions to (2) modulo q − χ. In particular, the number of solutions is always taken modulo
q − χ, unless otherwise stated.
In Section 3 we prove that the necessary conditions given in Lemma 2.3 for an integer to be
(q, χ, p)-admissible are actually sufficient when p = 2. In the remaining part of this section we
assume that p is an odd prime. Our goal is to completely characterize (q, χ, p)-admissible integers.
By Theorem 2.4, in order for a divisor d of q−χ satisfying the necessary conditions in Lemma 2.3
to be (q, χ, p)-admissible, there must exist a solution to xp−1+xp−2+· · ·+x+1 ≡ 0 (mod (q−χ)/d).
We make use of the following known result concerning the cyclotomic polynomial φp(x) = x
p−1 +
· · ·+ x+ 1 to give necessary and sufficient conditions for an integer to be (q, χ, p)-admissible.
Lemma 2.5 ([9]). Let p and p′ be primes. If p 6= p′, then φp is the product of (p−1)/op(p′) distinct
irreducible polynomials of degree op(p
′) over Fp′. If p = p
′, then φp(x) = (x− 1)p−1 over Fp.
Therefore, for p 6= p′, the equation φp(x) ≡ 0 (mod p′) has a solution if and only if p′ ≡ 1
(mod p), and in this case there are exactly p − 1 solutions modulo p′. If p = p′, then the only
solution is n ≡ 1 (mod p′). Each solution modulo p′ can be lifted to a unique solution modulo (p′)ℓ
by Hensel’s Lemma. Hence the existence of a solution to φp(x) ≡ 0 (mod (q−χ)/d) is guaranteed,
if the factorization of (q − χ)/d contains only primes of the form pk + 1 or p itself.
Proposition 2.6. Let p be an odd prime, q − χ = pα11 · · · pαrr be the prime factorization of q − χ
and d = pβ11 · · · pβrr be a proper divisor of q − χ. Then d is (q, χ, p)-admissible if and only if
βi =


αi − 1 or αi if pi = p and αi ≥ 2
0 or αi if pi ≡ 1 (mod p)
αi otherwise.
(3)
Proof. Suppose that d is (q, χ, p)-admissible. By Lemma 2.3, if pi = p, then βi is as claimed. If
pi 6= p, then βi ∈ {0, αi}. Let Rn,a be a Re´dei permutation with d+χ+1 fixed points and p-cycles.
By Theorem 2.4, we have φp(n) ≡ 0 (mod (q − χ)/d), and by Lemma 2.5 as discussed above, if
pi 6≡ 1 (mod p), then βi = αi.
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For the converse, assume that each βi satisfies (3). Then there exists an k such that φp(k) ≡ 0
(mod (q − χ)/d). Thus the system (2) has a solution if and only if the system{
x ≡ 1 (mod d)
x ≡ k (mod (q − χ)/d) (4)
has a solution. Now (4) has a solution if and only if gcd(d, (q − χ)/d) divides k − 1. By (3), this
gcd is either 1 or p. If it is 1, there is nothing to prove. Otherwise, p | (q−χ)/d, which implies that
φp(k) ≡ 0 (mod p), that is, k ≡ 1 (mod p). Hence p | k − 1 as we wanted. We conclude that (4)
has a solution. Furthermore, the solution is unique modulo
lcm (d, (q − χ)/d) =
{
q − χ if νp(d) = νp(q − χ)
(q − χ)/p if νp(d) = νp(q − χ)− 1.
When νp(d) = νp(q − χ)− 1, there are p solutions to (4) modulo q − χ, and it follows that exactly
p− 1 of them satisfy (ii) in Theorem 2.4. In any case, there is at least one integer n such that Rn,a
is a permutation with the required properties. 
Proposition 2.6 can be used to obtain an existence condition on Re´dei permutations with 1- and
p-cycles over P1(Fq).
Theorem 2.7. Let p be an odd prime. There exists a Re´dei permutation over P1(Fq) with 1- and
p-cycles if and only if q − 1 or q + 1 has a prime factor of the form pk + 1 or is divisible by p2.
We can determine the total number of such Re´dei permutations with a prescribed number of
fixed points for a fixed parameter a with quadratic character χ.
Proposition 2.8. Let p be an odd prime and d be (q, χ, p)-admissible. Let Md be the number of
Re´dei permutations Rn,a with d+χ+1 fixed points, p-cycles, and a fixed parameter a with χ(a) = χ.
Then
Md =
{
(p − 1)u if νp(d) = νp(q − χ)
(p − 1)u+1 if νp(d) = νp(q − χ)− 1,
where u = |{p′ prime : p′ ≡ 1 (mod p), p′ | q − χ and p′ ∤ d}|.
Proof. Suppose (q−χ)/d = pα0pα11 · · · pαuu . For each prime divisor pi 6= p of (q−χ)/d, the congruence
xp−1 + · · · + x+ 1 ≡ 0 (mod pαii ) has p − 1 solutions (distinct modulo pαii ). There is one solution
modulo pα0 , namely, x ≡ 1 (mod p). By applying the Chinese Remainder Theorem, we obtain
(p− 1)u solutions to φp(x) ≡ 0 (mod (q − χ)/d).
For each integer k such that φp(k) ≡ 0 (mod (q−χ)/d), as pointed out in the proof of Proposition 2.6,
there is exactly one corresponding solution to (2) if νp(d) = νp(q − χ), and p − 1 solutions to (2)
satisfying (ii) in Theorem 2.4 if νp(d) = νp(q − χ)− 1. 
We observe that for each (q, χ, p)-admissible d the cycle structures of the permutations in
Proposition 2.8 are all the same.
Proposition 2.9. Let p be an odd prime and M be the number of Re´dei permutations Rn,a with
1- and p-cycles and a fixed parameter a with χ(a) = χ. Then
M =
{
pr − 1 if p2 ∤ q − χ
pr+1 − 1 if p2 | q − χ,
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where r = |{p′ prime : p′ ≡ 1 (mod p), p′ | q − χ}|.
Proof. If p2 ∤ q − χ, then νp(d) = νp(q − χ) = 1 for any (q, χ, p)-admissible d, and there is one
such d for each choice of u prime factors of q − χ of the form pk + 1. Note that if d = q − χ, the
permutation is the identity map. Then
M =
r∑
u=0
(
r
u
)
(p− 1)r−u − 1 = pr − 1.
If p2 | q − χ, then νp(d) = νp(q − χ) or νp(d) = νp(q − χ)− 1. For each choice of u prime factors
of q − χ of the form pk + 1, there are two (q, χ, p)-admissible divisors d. Hence
M =
r∑
u=0
(
r
u
)
(p− 1)r−u +
r∑
u=0
(
r
u
)
(p− 1)r−u+1 − 1 = pr + (p− 1)pr − 1 = pr+1 − 1.

Given a finite field Fq, we describe a procedure that determines all odd primes p for which there
is a Re´dei permutation over P1(Fq) with 1- and p-cycles along with the total number of each cycle
type.
1. For each χ ∈ {−1, 1} and odd prime p, do the following.
1.1. Apply Theorem 2.7 to check whether or not there exists an Rn,a with χ(a) = χ and 1-
and p-cycles. If it exists, Proposition 2.9 gives the total number M for each a ∈ Fq with
χ(a) = χ.
1.2. Apply Proposition 2.6 to find the admissible integers d.
1.3. For each d,
(i) use Proposition 2.8 to find Md,
(ii) the number of fixed points is d+ χ+ 1,
(iii) the number of p-cycles is (q − d− χ)/p.
3. Involutions
We begin by characterizing the (q, χ, 2)-admissible integers. For p = 2, the system of congru-
ences (2) takes the form {
x ≡ 1 (mod d)
x ≡ −1 (mod (q − χ)/d), (5)
which always has a solution. In fact, since gcd(d, (q − χ)/d) | 2, there exist integers u and v such
that 2 = ud+v(q−χ)/d, and n = 1−ud = −1+v(q−χ)/d is a solution. Furthermore, the solution
is unique modulo
lcm (d, (q − χ)/d) =
{
q − χ if gcd(d, (q − χ)/d) = 1
(q − χ)/2 if gcd(d, (q − χ)/d) = 2.
Fixed q and χ and a field element a with χ(a) = χ, for all possible values of gcd(n− 1, q−χ), there
are one or two involutions with gcd(n− 1, q − χ) + χ+ 1 fixed points.
Proposition 3.1. A proper divisor d of q − χ is (q, χ, 2)-admissible if and only if d is even,
ν2(d) ∈ {1, ν2(q − χ)− 1, ν2(q − χ)}, and gcd(d, (q − χ)/d) | 2.
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The next result provides an explicit formula for the integers n such that Rn,a is an involution
with a prescribed number of fixed points. As already mentioned in the Introduction, if χ(a) = 1,
then the cycle structures of xn and Rn,a (as permutations over Fq and P
1(Fq), respectively) are
essentially the same with the only difference being that Rn,a has one additional fixed point. In
particular, xn is an involution if and only if Rn,a is an involution. In [4] the authors give formulas
for the integers n such that xn is an involution. The formulas presented in following proposition
are the same as theirs when χ = 1.
Proposition 3.2. If d is (q, χ, 2)-admissible, then Rn,a is an involution with d+χ+1 fixed points
if and only if n ≡ k(q − χ)/d− 1 (mod q − χ), where
k =


2
(
q − χ
d
)ϕ(d)−1
if ν2(d) = ν2(q − χ)(
q − χ
2d
)ϕ(d)−1
+
d
2
if ν2(d) = ν2(q − χ)− 1 ≥ 1(
q − χ
2d
)ϕ(d)−1
or
(
q − χ
2d
)ϕ(d)−1
+
d
2
if ν2(d) = 1, ν2(q − χ) ≥ 3
and k is reduced modulo d.
Proof. By Theorem 2.4, we need to show that the given values of n are all the solutions to (5)
satisfying (ii) (when the condition applies). The case analysis relies on the values of ν2(d) provided
by Proposition 3.1.
First, we suppose ν2(d) = ν2(q−χ). Then gcd(d, (q−χ)/d) = 1 and the solution to (5) is unique
modulo lcm(d, (q − χ)/d) = q − χ. For k = 2 ((q − χ)/d)ϕ(d)−1, we compute
k(q − χ)
d
− 1 ≡ 2
(
q − χ
d
)ϕ(d)
− 1 ≡


1 (mod d)
−1 (mod q − χ
d
).
Condition (ii) does not apply in this case, so n ≡ k(q − χ)/d − 1 (mod q − χ) yields the unique
involution with d+ χ+ 1 fixed points.
If ν2(d) < ν2(q − χ), then the solution to (5) is unique modulo lcm(d, (q − χ)/d) = (q − χ)/2, so
there are two solutions modulo q − χ. First, assume ν2(d) = ν2(q − χ) − 1 ≥ 1. Then gcd(d, (q −
χ)/d) = 2 and gcd(d, (q − χ)/2d) = 1. Let k = ((q − χ)/(2d))ϕ(d)−1 + d/2. One can check that
n =
k(q − χ)
d
− 1 = 2
(
q − χ
2d
)ϕ(d)
+
q − χ
2
− 1
and
n′ = n− q − χ
2
= 2
(
q − χ
2d
)ϕ(d)
− 1
are the solutions to (5). However, since
n′ − 1 ≡ 2
((
q − χ
2d
)ϕ(d)
− 1
)
(mod q − χ)
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and d | ((q − χ)/(2d))ϕ(d) − 1, it follows that n′ − 1 is divisible by 2ν2(q−χ). Therefore this solution
does not satisfy (ii). Now write q−χ = 2ν2(q−χ)m with m odd, and n′−1 = 2ν2(q−χ)ℓ. We compute
n− 1 = n′ + q − χ
2
− 1 = 2ν2(q−χ)ℓ+ 2
ν2(q−χ)m
2
= 2ν2(q−χ)−1(2ℓ+m),
so ν2(n− 1) = ν2(q − χ)− 1.
Finally, if ν2(d) = 1 and ν2(q − χ) ≥ 3, then n and n′ are the two solutions to (5). 
As a consequence we have the following.
Proposition 3.3. Let d be (q, χ, 2)-admissible and Md be the number of Re´dei involutions with
d+ χ+ 1 fixed points and a fixed parameter a with χ(a) = χ. Then
Md =
{
1 if ν2(d) = ν2(q − χ) or ν2(d) = ν2(q − χ)− 1 ≥ 1
2 if ν2(d) = 1 and ν2(q − χ) ≥ 3.
The following proposition gives the number of Re´dei involutions for a fixed a.
Proposition 3.4. Let q − χ = 2α0pα11 · · · pαrr be the prime factorization of q − χ, and M be the
number of Re´dei involutions with a fixed parameter a with χ(a) = χ. Then
M =


2r − 1 if α0 = 1
2r+1 − 1 if α0 = 2
2r+2 − 1 if α0 ≥ 3.
Proof. The number of (q, χ, 2)-admissible divisors of q − χ depends on ν2(q − χ) = α0.
If α0 = 1, there are 2
r integers d that are (q, χ, 2)-admissible with ν2(d) = ν2(q − χ), so Md = 1.
If α0 = 2, then ν2(d) is either 1 = ν2(q − χ)− 1 or 2 = ν2(q − χ). There are 2r+1 integers d that
are (q, χ, 2)-admissible, and for each one of them we have Md = 1.
If α0 ≥ 3, then ν2(d) is 1, ν2(q − χ) − 1 or ν2(q − χ). For each (q, χ, 2)-admissible d such
that ν2(d) ∈ {1, α0 − 1}, we have Md = 1. Since there are 2r+1 such integers d, there are 2r+1
involutions. On the other hand, Md = 2 for each (q, χ, 2)-admissible d with ν2(d) = α0. There
are 2r such integers d, adding up to 2r+1 involutions. We conclude that there are 2 · 2r+1 = 2r+2
involutions.
In all cases, we remove the identity from our counting since d 6= q − χ. 
We observe that in Proposition 3.4, when α0 = ν2(q − χ) ∈ {1, 2}, the M involutions have
distinct cycle structures, that is, distinct numbers of fixed points. When α0 ≥ 3, among the 2r+2
involutions there are 2r pairs with the same cycle structure.
By Proposition 3.3, there are two involutions corresponding to an element with a certain qua-
dratic character χ that have the same cycle structure only when ν2(q − χ) ≥ 3 and ν2(d) = 1.
Corollary 3.6 shows that, if that is the case, there is no involution with that cycle structure cor-
responding to an element of distinct quadratic character. In order to prove this fact, we need the
following observation.
Lemma 3.5. If χ(a) 6= χ(b), then 4 | q − χ(a) if and only if 2 || q − χ(b).
Proof. Since χ(a) 6= χ(b), the result follows from the fact that (q − χ(a))/2 and (q − χ(b))/2 are
consecutive integers; so one is odd if and only if the other one is even. 
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Corollary 3.6. Let χ(a) 6= χ(b), ν2(q − χ(a)) ≥ 3, and ν2(gcd(n − 1, q − χ(a))) = 1. If Rn,a and
Rm,b are involutions, then they have distinct cycle structures.
Proof. Let d = gcd(n − 1, q − χ(a)) and d′ = gcd(m − 1, q − χ(b)). By Lemma 3.5, we have
2 || q − χ(b). So ν2(d′) = 1. If Rn,a and Rm,b have the same number of fixed points, then
d+ χ(a) + 1 = d′ + χ(b) + 1,
which implies that (d − d′)/2 = (χ(b) − χ(a))/2 = ±1. This is a contradiction, since (d − d′)/2 is
even. 
3.1. Involutions with few fixed points. We now study involutions with few fixed points, which
are preferable for applications like S-boxes in block ciphers [7, 26]. The minimum number of fixed
points attained by a Re´dei permutation is two. This is only possible when χ = −1 and d = 2,
which is (q, χ, 2)-admissible, except when q = 3 and χ = 1. Proposition 3.2 gives the following.
Proposition 3.7. The Re´dei involutions Rn,a with two fixed points are given by
n =


q if ν2(q + 1) < 3
q − 1
2
or q if ν2(q + 1) ≥ 3
and χ(a) = −1. Furthermore, the fixed points are 0 and ∞.
For fixed q, there are one or two involutions over P1(Fq) with four fixed points.
Proposition 3.8. The Re´dei involutions Rn,a with four fixed points are given by
n =


q − 3
2
or q − 2 if q ≡ 1 (mod 8) and χ(a) = 1
q − 2 if q ≡ 3, 5, 7 (mod 8), q > 3 and χ(a) = 1
q − 1
2
if q ≡ 3 (mod 8) and χ(a) = −1
3q − 1
4
if q ≡ 7 (mod 32) and χ(a) = −1
q − 3
4
if q ≡ 23 (mod 32) and χ(a) = −1.
Furthermore, when χ(a) = 1, the four fixed points are 0,∞,−√a and √a.
Proof. The result follows directly from Proposition 3.2 with the observation that involutions with
four fixed points only occur when χ = 1 and d = 2, or χ = −1 and d = 4. The latter condition
implies that ν2(q + 1) ∈ {2, 3}. 
When the fixed points of the involution are known, it is possible to reduce or completely remove
them while keeping the involution property [7]. An explicit expression for the fixed points of a
Re´dei function is given in [8]. One could apply such formula to remove the fixed points and obtain
involutions with few fixed points.
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3.2. Cycles of length 1 and 4. Let j be a composite integer. A Re´dei permutation Rn,a de-
composes into 1- and j-cycles if and only if gcd(nj − 1, q − χ) = q − χ and gcd(nk − 1, q − χ) =
gcd(n− 1, q − χ) for all nontrivial divisors k of j.
Lemma 3.9. Any (q, χ, j)-admissible is (q, χ, k)-admissible when k | j.
Proof. If Rn,a is a permutation with 1- and j-cycles and j = kℓ, then Rnℓ,a is a permutation with
1- and k-cycles. Furthermore, both of them have the same number of fixed points. 
The above observations imply that Rn,a has 1- and 4-cycles if and only if gcd(n
4−1, q−χ) = q−χ
and gcd(n2−1, q−χ) = gcd(n−1, q−χ). Also, any (q, χ, 4)-admissible integer is (q, χ, 2)-admissible.
Proposition 3.10. A proper divisor d of q−χ is (q, χ, 4)-admissible if and only if ν2(d) = ν2(q−χ),
νp(d) = νp(q − χ) for all primes p of the form 4k + 3, and gcd(d, (q − χ)/d) = 1.
Proof. Suppose that Rn,a is a permutation with d+χ+1 fixed points and 4-cycles. Then gcd(n
4−
1, q − χ) = q − χ and gcd(n2 − 1, q − χ) = gcd(n− 1, q − χ) = d. The last equality, along with the
fact that n4 − 1 = (n− 1)(n + 1)(n2 + 1) and gcd(n+ 1, q − χ) ≥ 2, imply that ν2(d) = ν2(q − χ).
Since Rn,a ◦Rn,a = Rn2,a, it follows that Rn2,a is an involution, and both permutations have the
same number of fixed points. Consequently, d is (q, χ, 2)-admissible, and hence must satisfy the
conditions in Proposition 3.1.
Furthermore, Rn2,a being an involution implies that n
2 ≡ −1 (mod (q − χ)/d), so −1 is a
quadratic residue modulo (q − χ)/d. Since (q − χ)/d is odd, it does not have any prime factor of
the form 4k + 3. Thus if any prime of this form divides q − χ, it must divide d.
Conversely, we assume that d is such that ν2(d) = ν2(q−χ), νp(d) = νp(q−χ) for all primes p of
the form 4k+3, and gcd(d, (q−χ)/d) = 1. Then d is (q, χ, 2)-admissible, and there existsm such that
Rm,a is an involution with d+χ+1 fixed points. It follows that gcd(m− 1, q−χ) = d and m ≡ −1
(mod (q−χ)/d). The assumption on the factorization of (q−χ)/d guarantees that m is a quadratic
residue modulo (q − χ)/d. Let ℓ be an integer such that ℓ2 ≡ m ≡ −1 (mod (q − χ)/d). Since
gcd(d, (q−χ)/d) = 1, there exists an integer n such that n ≡ 1 (mod d) and n ≡ ℓ (mod (q−χ)/d).
It follows that gcd(n4− 1, q−χ) = q−χ and gcd(n− 1, q−χ) = gcd(n2− 1, q−χ) = d. Therefore
Rn,a is a permutation with 1- and 4-cycles. 
The proof of the proposition gives a procedure to find all Re´dei permutations with a prescribed
number of fixed points and 4-cycles.
1. Compute m according to the formula given in Proposition 3.2.
2. Find the square roots of m modulo (q − χ)/d.
3. For each square root ℓ of m, find all integers n modulo q − χ that satisfy{
n ≡ 1 (mod d)
n ≡ ℓ (mod (q − χ)/d).
The above procedure and the ones for finding Re´dei permutations with 1- and p-cycles for
p ∈ {3, 5} in Section 4 only require solving linear congruences and computing square roots modulo
an integer. The computation of square roots of an integer b modulo m = pℓ11 · · · pℓss can be carried
out as follows.
1. For i ∈ {1, . . . , s}, do the following.
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1.1. Compute the square roots of b modulo pi. If pi ≡ 3 (mod 4), they are given by ±b(pi+3)/4
(mod pi). If pi ≡ 1 (mod 4), then Shanks’ Algorithm [25] can be used.
1.2. Use Hensel’s Lemma [17, Theorem 2.23] to compute the square roots modulo pℓii .
2. Combine the square roots modulo distinct prime powers using the Chinese Remainder Theorem.
The next results concern an existence condition and the number of Re´dei permutations with 1-
and 4-cycles. We omit the proofs as they are analogous to their corresponding ones in Section 2.
Proposition 3.11. There exists a Re´dei permutation over P1(Fq) with 1- and 4-cycles if and only
if q − 1 or q + 1 has a prime factor of the form 4k + 1.
Proposition 3.12. Let d be (q, χ, 4)-admissible and let Md be the number of Re´dei permutations
Rn,a with d+χ+1 fixed points and 4-cycles for a fixed parameter a with χ(a) = χ. Then Md = 2
u,
where u = |{p prime : p ≡ 1 (mod 4), p | q − χ and p ∤ d}|.
Proposition 3.13. Let M be the number of Re´dei permutations Rn,a with 1- and 4-cycles for a
fixed parameter a with χ(a) = χ. Then M = 3r−1, where r = |{p prime : p ≡ 1 (mod 4), p | q−χ}|.
4. Constructions of Re´dei permutations with 1- and p-cycles for p ∈ {3, 5}
4.1. Cycles of length 1 and 3. Applying the results in Section 2 to p = 3 gives the following
characterization of Re´dei permutations with 1- and 3-cycles.
Proposition 4.1. Let q − χ = pα11 · · · pαrr and d = pβ11 · · · pβrr < q − χ with
βi =


αi − 1 or αi if pi = 3
0 or αi if pi ≡ 1 (mod 3)
αi if pi ≡ 2 (mod 3).
The Re´dei permutation Rn,a has d+ χ+ 1 fixed points and 3-cycles if and only if n ≡ 1 (mod d),
n2 + n + 1 ≡ 0 (mod (q − χ)/d), and if ν3(d) = ν3(q − χ) − 1 then ν3(n − 1) = ν3(d). Moreover,
these are all the Re´dei permutations with 1- and 3-cycles.
In order to find Re´dei permutations with 1- and 3-cycles, one needs to solve
x2 + x+ 1 ≡ 0 (mod (q − χ)/d). (6)
Since d is even, (q − χ)/d is odd. By letting y = 2x+ 1, the congruence (6) can be expressed as
y2 ≡ −3 (mod (q − χ)/d), (7)
so that the solutions to (6) are in bijection with the solutions to (7). Thus solving the quadratic
congruence is equivalent to finding the square roots of −3 modulo (q − χ)/d.
We have the following procedure to construct all Re´dei permutations with d+χ+1 fixed points
and (q − d− 1)/3 cycles of length 3.
1. Find all integers y modulo (q − χ)/d such that y2 ≡ −3 (mod (q − χ)/d).
2. For each y, find all integers n modulo q − χ that satisfy
{
n ≡ 1 (mod d)
2n ≡ y − 1 (mod (q − χ)/d).
3. If ν3(d) = ν3(q − χ)− 1, discard all n such that ν3(n− 1) ≥ ν3(q − χ).
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Proposition 2.6 implies that, for fixed q and χ, among the permutations with 1- and 3-cycles
the minimum number of fixed points occurs when d is not divisible by any prime of the form
3k + 1. However, d is necessarily divisible by all primes of a different shape that appear in the
factorization of q − χ. So the minimum number of fixed points is the product of all prime powers
in the factorization of q − χ for primes of the form 3k + 2. In the particular case when (q − χ)/2
has no prime factor of the form 3k + 2, there are permutations with as few as two fixed points if
χ = −1, and four fixed points if χ = 1.
When (q−χ)/2 is a prime number of the form 4k+3, there is a formula attributed to Lagrange
to compute the square roots of −3 modulo (q − χ)/2. This results in an explicit expression for n.
Proposition 4.2. Suppose q − χ = 2p, where p ≡ 7 (mod 12). Then Rn,a has 1- and 3-cycles if
and only if
n ≡ p+ 1
2
(
±(−3)(p+1)/4
)
+ p (mod q − χ). (8)
Furthermore, Rn,a has two fixed points, 0 and ∞, if χ = −1, and four fixed points, 0, ∞, −
√
a and√
a, if χ = 1.
Proof. In this case 2 is the only (q, χ, 3)-admissible integer, and the system (2) becomes{
x ≡ 1 (mod 2)
x2 + x+ 1 ≡ 0 (mod p).
The requirement p ≡ 7 (mod 12) guarantees that p ≡ 1 (mod 3) and p ≡ 3 (mod 4), thus −3 is a
quadratic residue modulo p and a formula is known for its square roots. It is easy to check that
the solutions are the ones given in (8). By Proposition 2.9, these are all the permutations with 1-
and 3-cycles. 
As a consequence of Theorem 2.4, we also have the following.
Corollary 4.3. If Rn,a has d+ χ+ 1 fixed points and 3-cycles, then so is Rn2,a.
Proof. Assume that Rn,a has d + χ + 1 fixed points and 3-cycles. Then Conditions (i) and (ii) in
Theorem 2.4 hold for n. We have to show that they also hold for n2. Clearly n2 ≡ 1 (mod d).
Furthermore, n4+n2+1 ≡ n2(n2+1)+1 ≡ n2(−n)+1 ≡ −n3+1 ≡ 0 (mod (q−χ)/d). Finally, if
ν3(d) = ν3(q − χ)− 1, then ν3(n− 1) = ν3(d). Since n2 − 1 = (n− 1)(n+ 1) and the only common
factor of n− 1 and n+ 1 is 2, we conclude that ν3(n2 − 1) = ν3(d). 
4.2. Cycles of length 1 and 5. Proceeding analogously to the case p = 3, we now apply the
characterization given in Theorem 2.4 to p = 5. In this case the second congruence in (2) becomes
n4 + n3 + n2 + n+ 1 ≡ 0 (mod (q − χ)/d). (9)
Dividing by n2 and making the substitution y = n+ n−1, Equation (9) becomes
y2 + y − 1 ≡ 0 (mod (q − χ)/d). (10)
Similarly to what we did with p = 3, we can now solve this quadratic congruence by making the
change of variables z = 2y + 1 and obtain
z2 ≡ 5 (mod (q − χ)/d). (11)
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Our strategy to find n then consists in first finding a solution z to (11), solving the linear
congruence 2y ≡ z − 1 (mod (q − χ)/d), and obtain y that satisfies (10). Now y and n are related
by y = n + n−1 or n2 − yn + 1 = 0. We have to solve n2 − yn + 1 ≡ 0 (mod (q − χ)/d) for
n, and again this can be done in two steps. The change of variables m = 2n − y transforms the
last quadratic congruence into m2 ≡ y2 − 4 (mod (q − χ)/d). Once we find a solution m to the
last congruence, we solve 2n ≡ m+ y (mod (q − χ)/d) to finally obtain n. Therefore we have the
following procedure to find all Re´dei permutations with d + χ + 1 fixed points and (q − d − 1)/5
cycles of length 5.
1. Find all integers z modulo (q − χ)/d such that z2 ≡ 5 (mod (q − χ)/d).
2. For each z, find y modulo (q − χ)/d such that 2y ≡ z − 1 (mod (q − χ)/d).
3. For each y, find all integers m modulo (q − χ)/d such that m2 ≡ y2 − 4 (mod (q − χ)/d).
4. For each pair (y,m), find all integers n modulo q−χ such that
{
n ≡ 1 (mod d)
2n ≡ m+ y (mod (q − χ)/d).
5. If ν5(d) = ν5(q − χ)− 1, discard all n such that ν5(n− 1) ≥ ν5(q − χ).
Remark 4.4. For other primes p > 5, the trick of dividing the congruence by n(p−1)/2 and making
the substitution y = n + n−1 reduces the degree of the polynomial by a half. For instance, in the
case p = 7 the second congruence in (2) is n6 + n5 + n4 + n3 + n2 + n + 1 ≡ 0 (mod (q − χ)/d),
and employing the same trick as above we obtain y3 + y2 − 2y − 1 ≡ 0 (mod (q − χ)/d).
5. Examples
In this section we illustrate the procedures outlined in Sections 2–4.
Example 5.1. We find all Re´dei permutations Rn,a with 1- and j-cycles over P
1(F125), where j = 4
or a prime number. When χ(a) = 1, we have q − χ(a) = 22 · 31. There are three involutions, two
Re´dei permutations with 1- and 3-cycles, and four Re´dei permutations with 1- and 5-cycles.
j
prime jk + 1,
jk + 1 | q − 1? j
2 | q − 1? d Md n # fixed points # j-cycles
2 1 123 4 61
2 N/A 4 1 61 6 60
62 1 63 64 31
3 yes, 31 no 4 2 5, 25 6 40
4 no N/A
5 yes, 31 no 4 4 33, 97, 101, 109 6 24
prime ≥ 7 no no
When χ(a) = −1, we have q − χ(a) = 2 · 32 · 7. There are three involutions and eight Re´dei
permutations with 1- and 3-cycles.
RE´DEI PERMUTATIONS WITH CYCLES OF THE SAME LENGTH 15
j
prime jk + 1,
jk + 1 | q + 1? j
2 | q + 1? d Md n # fixed points # j-cycles
N/A
2 1 125 2 62
2 14 1 71 14 56
18 1 55 18 54
3
6 4 25, 67, 79, 121 6 40
yes, 7 yes 18 2 37, 109 18 36
42 2 43, 85 42 28
4 no N/A
prime ≥ 5 no no
Example 5.2. We find all Re´dei permutations Rn,a with 1- and j-cycles over P
1(F841), where j = 4
or a prime number. When χ(a) = 1, we have q − χ(a) = 23 · 3 · 5 · 7. There are 31 involutions, two
Re´dei permutations with 1- and 3-cycles, and two Re´dei permutations with 1- and 4-cycles.
j
prime jk + 1,
jk + 1 | q − 1? j
2 | q − 1? d Md n # fixed points # j-cycles
N/A
2 2 419, 839 4 419
4 1 629 6 418
6 2 139, 559 8 417
8 1 209 10 416
10 2 251, 671 12 415
12 1 349 14 414
14 2 239, 659 16 413
20 1 461 22 410
24 1 769 26 408
28 1 29 30 406
30 2 391, 811 32 405
2 40 1 41 42 400
42 2 379, 799 44 399
56 1 449 58 392
60 1 181 62 390
70 2 71, 491 72 385
84 1 589 86 378
120 1 601 122 360
140 1 701 142 350
168 1 169 170 336
210 2 211, 631 212 315
280 1 281 282 280
420 1 421 422 210
3 yes, 7 no 120 2 121, 361 122 240
4 yes, 5 N/A 168 2 337, 673 170 168
prime ≥ 5 no no
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When χ(a) = −1, we have q − χ(a) = 2 · 421. There are one involution, two Re´dei permutations
with 1- and 3-cycles, two Re´dei permutations with 1- and 4-cycles, four Re´dei permutations with
1- and 5-cycles, and six Re´dei permutations with 1- and 7-cycles.
j
prime jk + 1,
jk + 1 | q + 1? j
2 | q + 1? d Md n # fixedpoints # j-cycles
2 N/A 2 1 841 2 420
3 yes, 421 no 2 2 441, 821 2 280
4 yes, 421 N/A 2 2 29, 813 2 210
5 yes, 421 no 2 4
279, 377,
673, 775
2 168
7 yes, 421 no 2 6
33, 75, 247,
385, 573, 791
2 120
prime ≥ 11 no no
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